Introduction
The on-line Encyclopedia of Integer Sequences [5] is well-known. It is of major assistance to numerous mathematicians and fuses together diverse lines of mathematical research. For example, searching for 2, 3, 4, 6, 9, 14, 22, 35, 56, 90, 145, . . . leads to sequence A001611, the "Fibonacci numbers + 1" numbers, listing about ℵ 0 comments, references, links, formulas, Maple and Mathematica programs and crossreferences to other sequences. Everybody can see that Sequence A000071, which lists the "Fibonacci numbers -1", has even more material, so by the continuum hypothesis, it must contain at least ℵ 1 comments, references, links, formulas, Maple and Mathematica programs and crossreferences to other sequences; and Extensions.
Though there are two (unpublished) links common to the two sequences, the respective lists of references of the two sequences have an empty intersection; even in the "Adjacent sequences", there is no acknowledgment of the other. Moreover, there is no crossreference from one sequence to the other. This is astonishing, bordering on the offensive, since both sequences stem from the same source, the Fibonacci numbers. Are they antagonistic to each other? Our purpose is to show that there should be no animosity between the two sequences; both coexist peacefully in some applications. 
Kimberling's Theorem
We see, in particular, that in a single theorem we have both "Fibonacci numbers + 1" (for h k (1)) and "Fibonacci numbers -1" (for c k,1 ), coexisting amicably.
We preface the proof with an auxiliary result.
Lemma 1. For every
Proof. The ratios F k /F k−1 are the convergents of the simple continued fraction expansion of τ = [1, 1, 1, . . .]. Therefore |τ
Recall the following two facts: (i) Every positive integer N has a unique "binary" representation of the form R(N ) = n≥0 d n F n , where the digits d i ∈ {0, 1}, and there are no two consecutive 1-digits. This is known as the Fibonacci numeration system.
(ii) The representation in the Fibonacci numeration system of any integer of the form nτ , n ∈ Z ≥1 , ends in an even number (possibly 0) of 0s ([1]  §5) .
Notice that R(F k ) ends in an even number of 0s if k is even and in an odd number of 0s if k is odd. Therefore τ F k−1 = F k if k is even, since then R(F k − 1) ends in an odd number of 0s as is easily seen; and τ F k−1 = F k − 1 if k is odd, since then R(F k − 1) ends in an even number of 0s.
Proof of Theorem 1. We note that
where the last inequality follows from Lemma 1. Now for k ≥ 3, it is straightforward to see that R(F k + 2) ends in an odd number of 0s. Therefore h k+1 (1) ≤ F k + 1. On the other hand,
Now R( τ (F k−1 + 1) ) ends in an even number of 0s (Fact (ii)). If k is odd, then R(F k ) ends in an odd number of 0s, so actually h k+1 (1) ≥ F k + 1. If k is even, then τ F k−1 = F k , so again h k+1 (1) ≥ F k + 1. Thus indeed h k+1 (1) = F k + 1.
The word h k features in many identities proved in [2] . In particular, h, h 2 , h
